ASYMPTOTIC BEHAVIOR OF BLOWUP SOLUTIONS OF A PARABOLIC EQUATION WITH THE P-LAPLACIAN(Nonlinear Evolution Equations and Applications) by FUJII, ATARU & OHTA, MASAHITO
Title
ASYMPTOTIC BEHAVIOR OF BLOWUP SOLUTIONS OF
A PARABOLIC EQUATION WITH THE P-
LAPLACIAN(Nonlinear Evolution Equations and
Applications)
Author(s)FUJII, ATARU; OHTA, MASAHITO




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
ASYMPTOTIC BEHAVIOR OF BLOWUP SOLUTIONS OF
A PARABOLIC EQUATION WITH THE P-LAPLACIAN
ATARU FUJII ( ) AND MASAHITO OHTA ( )
$*$
Department of Mathematical Sciences
University of Tokyo
Komaba, Tokyo 153, $.\mathrm{J}\mathrm{a}\mathrm{p}\mathrm{a}\mathrm{n}$
ABSTRACT. We consider the blowup problem for $\mathrm{t}11=\Delta_{l^{)}}\text{ }u+|u|^{/^{1--^{J}}}u’(_{1}\cdot\in\zeta)t>0)$
under the Dirichlet boundary condition and $P>\mathit{2}$ . We derive sufficiellt
$\subset \mathrm{O}\mathrm{l}\mathrm{l}\mathrm{c}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\backslash$ on
blowing up of solutions. In particular. it is shown that every noll-llegatix $\mathrm{c}^{\Delta}$ alld llon-zero
solution blows up in a fillite time if the dolnaill $\Omega$ is large enougll.
$-\backslash 101^{\cdot}(\mathrm{O}\backslash \mathrm{e}\mathrm{r}. \backslash \backslash \mathrm{e}\mathrm{s}\mathrm{l}_{1(})\backslash \backslash$
that every blowup solution behaves asymPtOticallY. like a self-silnilar $\mathfrak{s}\mathrm{o}\mathrm{l}\iota \mathrm{l}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}.1$ llear tlle
blowup time. The Rayleigh type quotient $\mathrm{i}\mathrm{n}\mathrm{t}_{\Gamma}\mathrm{o}\mathrm{d}\mathrm{u}\langle \mathrm{e}\mathrm{d}\mathrm{i}_{1\overline{1}}$ Lelllnld A $1$) $1\mathrm{a}\backslash .\nwarrow$ an $\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{I}$ )
$\mathrm{O}\Gamma \mathrm{t}\mathrm{a}\mathrm{l}\overline{\mathrm{l}}\mathrm{t}$
role throughout this paper.
1. INTRODUCTION AND RESULTS
In this paper we mainly consider tlle blowup problem for tlle $\mathrm{f}\mathrm{o}\mathrm{l}1_{0}\backslash \searrow r\mathrm{i}\mathrm{n}_{\xi}^{\mathrm{Q}}3$ initial bound-
$\mathrm{a}\mathrm{l}\cdot \mathrm{y}$ value problem:
(1.1) $\{$
$?r_{t}=\triangle_{p}u+|\mathrm{t}\mathit{1}|q-2?l$ . , $\iota\cdot\in\Omega$ . $t>0$ .
$u(x.t)=0$ , $\mathrm{J}^{\cdot}\in\partial\Omega$ . $t\geq 0$ .
$u(_{X,\mathrm{o}})=u0(.\iota\cdot)$ , $.1^{\cdot}\in\Omega$ .
where $p,$ $q>2,$ $\Delta_{p}/u=\mathrm{d}\mathrm{i}\mathrm{v}(|\nabla u|^{p-\mathit{2}}‘\nabla u)$ and $\Omega$ is a bounded $\mathrm{d}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{i}_{1}1$ in
$\mathbb{R}^{p}\backslash ^{\tau}$ with
snlooth boundary $\partial\Omega$ . Especially. we here study the case when $l$ ) $=(\mathit{1}$ .
As for the existence and non-existence of global solutions of (1.1). the following
results are well known (see $[14].[9],[5].[11]$ ):
(i) When $p>q,$ $(1.1)$ has a global solution for any uo $\in \mathrm{T}/\mathrm{T}_{0}^{-1.)}/$
(ii) When $p<q$ , for sufficiently small initial function
$\iota_{(\mathrm{J}}\in \mathrm{T}\mathrm{I}_{0}^{\vee}1/$). $(1.1)1_{1}\mathrm{a}\mathrm{s}$ a global
solution, and if $u_{0}$ is large enough. $\mathrm{t}\mathrm{l}$)$\mathrm{e}$ solution $\mathrm{b}\mathrm{l}\mathrm{c}$)$\backslash \backslash ’ \mathrm{s}\mathrm{u}_{1}\supset \mathrm{i}11$ a finite tillle.
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(iii) When $p=q$ , put $\lambda_{1}=\inf\{||\nabla v||_{p}^{p}/||U||_{p}^{p} : u\in \mathrm{T}’V_{0}^{1}J)\backslash \{0\}\}$. If $/\backslash _{1}\underline{>}1$ . $(1.1)$ has a
global solution for ally $u_{0}\in \mathrm{T}/V^{1.p}0$ .
Here, $\nu V_{0}^{1,p}\equiv\nu V_{0}^{1,p}(\Omega)$ denotes the usual Sobolev space with the norlll $||u||_{\mathfrak{y}\mathrm{T}^{\perp p}}r_{0}=$
$||\nabla u||_{p}$ , and $||\cdot||_{p}$ denotes the $L^{p}(\Omega)$ llorln.
Rom the above results, we see that the case $p=q$ is critical for the existence of
blowup solutions of (1.1). For the critical $\exp_{0}\mathrm{n}\mathrm{e}11\mathrm{t}\mathrm{s}$ of other equations and their role,
we refer to the survey paper by Levine [8]. Here. we should note tllat little is known
about the case when $p=q$ alld $\lambda_{1}<1$ . So. in what follows. we study (1.1) wvith the
case when $p=q>2$ , that is. we consider the following problelll:
(P)
Our first purpose in this paper is to derive sufficient $\mathrm{c}\mathrm{o}11\mathrm{d}\mathrm{i}\mathrm{t}\mathrm{i}_{0}\mathrm{n}\mathrm{S}$ on blowing up of
solutions of (P) (Theorems $\mathrm{B}$ alid C). The second $\mathrm{p}_{\mathrm{U}1}\cdot \mathrm{P}^{\mathrm{O}\mathrm{S}\mathrm{e}}$ is to study tlle $\mathrm{a}\mathrm{s}_{v}\backslash ^{\tau}1\mathrm{n}\mathrm{p}\mathrm{t}_{0}\mathrm{t}\mathrm{i}\mathrm{c}$
behavior of solutions of (P). Here, we note that we consider not only the $\mathrm{a}|\mathrm{s}.\backslash ’ 111\mathrm{P}\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{i}_{\mathrm{C}}$
behavior of blowup solutions but also that of $\mathrm{g}\mathrm{l}\mathrm{o}\mathrm{l}$ ) $\mathrm{a}\mathrm{l}$ solutions. Ill $\rceil_{)\mathrm{O}}\mathrm{t}\mathrm{h}$ (ases, we
show that each solution of (P) behaves asylllptotically like a self-,silllilaJ solution of
(P). First, we derive blowup rate and decay rate of solutions of (P) for each case
(Theorem D). Next. we investigate the asrymptotic $1$) $\mathrm{r}\mathrm{o}\mathrm{f}\mathrm{i}\mathrm{l}\mathrm{e}$ of both $1_{)}1\mathrm{o}\mathrm{w}n\mathrm{p}$ and global
solutions of (P) near the maximal existence tillle $(\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{E})$ . These $1^{\cdot}\mathrm{e}\mathrm{s}\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{s}$ for the
case $p>2$ in (P) may be regarded as a natural extension of the linear case $p=2$ in
(P).
To be lllore precise, we here recall $\mathrm{t}_{}\mathrm{h}\mathrm{e}$ local $\mathrm{e}\mathrm{x}\mathrm{i}_{\mathrm{S}\mathrm{t}\mathrm{e}1}1\mathrm{c}e$ results for (P). The lo-
cal existence of strong solutions of (P) is already studied by lIlan\.r autllors (see
$[5],[7],[10],[12])$ . Here, a function $u(.\iota_{7}\dagger)$ is said to be a strong $\mathrm{s},$ $()1\iota \mathrm{l}\mathrm{t}\mathrm{i}()11$ of (P) in
$[0, T]$ if (i) $u\in C([0, T];W_{0^{1.p}}(\Omega))$ . $(\mathrm{i}\mathrm{i})\iota_{f}$ . $\triangle_{J^{J}}u\dot{(}\iota 1\mathrm{u}\mathrm{C}1|\iota(|^{\mathit{1}^{y}}-2\iota\in L^{2}(0.T:L^{\mathit{2}}(\Omega))$. $\mathrm{A}^{\sigma}1\mathrm{d}$
(iii) $v$ satisfies (P). Assullle that $p>2_{\gamma}$. and $2(p-1)\leq A\backslash ^{\mathcal{T}}p/(_{\wedge}\backslash ^{\tau}-P)$ if $l^{j}<\mathrm{a}\backslash ^{\tau}$ . Then. for
ally $u_{0}\in V\mathrm{T}_{0^{1.p}}/^{\tau}$ , there exists a positive nulllber $T$ such $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}(\mathrm{P})\mathrm{h}\mathrm{a}_{\backslash }‘$, a $\mathrm{b}_{\mathrm{L}}\mathrm{t}_{\mathrm{l}\mathrm{o}}\mathrm{n}\mathrm{g}$ solution
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ill $[0, T]$ . Moreover, let $\tau*$ be tlle $111\mathrm{a}\mathrm{x}\mathrm{i}_{11}1\mathrm{a}1$ existence tillle of the $\mathrm{s}\mathrm{t}_{\mathrm{l}\mathrm{C})}11\circ$” solution $n(\dagger)$
of (P). Then, if $\tau*<\infty$ . it follows together witll (1.6) $\mathrm{I}_{)(^{\lrcorner}}1o\mathrm{w}$ tllat
$tarrow T^{*}1\mathrm{i}111||U(t)||_{2}=1\mathrm{i}_{111}\mathrm{t}arrow\tau*||\nabla\mu(t)||J^{J}=\mathrm{x}$ .
Furtherlnore, if we put $E(v)=||\nabla v||J^{J}-p||u||^{J}p^{\mathrm{J}}$ . we $1_{1_{\dot{C}}}xT^{\gamma}\mathrm{e}$
(1.2) $\partial_{t}||v(f)||^{2}\underline{!y}=-2E(U(f))$ $\mathrm{a}.\mathrm{e}$ . ill $[0$ . $T^{*}$ ).
(1.3) $\partial_{t}E(u(\dagger))=-p||\iota \mathit{1}\mathrm{f}(\dagger)||^{2}\underline{‘)}$ $\mathfrak{c}\backslash ’.\mathrm{e}$ . in $[0.T^{*})$ .
We note that $E(\lambda u)=\lambda^{p}E(u)$ holds for any $\lambda>0\prime \mathrm{d}.11\mathrm{C}\mathrm{l}1l\in \mathfrak{s}\prime \mathfrak{s}_{\mathrm{t})}^{-1}\cdot’/$. $\backslash \backslash 711\mathrm{i}_{\mathrm{C}}\cdot 11$ is a $‘ \mathrm{s}1$) $\mathrm{e}\mathrm{c}\mathrm{i}\mathrm{a}\mathrm{l}$
feature in tlle critical case. Our lnain idea ill this paper is to introduce the Rayleigh
type quotient $E(v)/||u||_{\sim^{\rangle}}^{J^{)}}’$ . The followillg lelllllla $\mathrm{i}\mathrm{l}\mathrm{b}\mathrm{i}_{11}11$ ) $()1^{\cdot}\uparrow_{\dot{\zeta}}\lambda 11\mathrm{f}\mathrm{i}_{\mathrm{l}1}\mathrm{t}1_{1}\mathrm{i}\mathrm{h}1)_{\dot{C}}\iota 1)\langle^{s}1^{\cdot}$ .
Leninia A. Assrune tllat $|/0\in W_{0}^{1.p}\backslash \{0\}$ . and let $|/(\neq)l)\epsilon^{\supset}$ a $b^{\backslash }rl\cdot()n\sigma*()0^{\cdot}l\uparrow Iric)l1$ of $(P)$
in $[0, T^{*})$ . Then. we have
$\partial_{f}[E(u(t))/||u(\dagger)||_{\underline{y}}\iota‘’]\leq 0$ $\dot{c}\mathrm{i}.\mathrm{e}$ . in $[0$ . $T^{*}$ ).
Lemma A follows $\mathrm{i}_{\ln}\mathrm{n}\mathrm{l}\mathrm{e}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{t}\mathrm{e}1.\mathrm{v}\mathrm{f}\mathrm{r}\mathrm{c}\rangle$$111(1.2)$ and (1.3). $\iota_{)n}\mathrm{f}$ it $\mathrm{p}\mathrm{l}\mathrm{a},\backslash ^{-}\mathrm{s}\dot{c}\mathfrak{i}11$ e’sellrial role
in tlle proofs of the following tlleorenls. We sllould $1\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}_{0}11$ tllat a $\mathrm{s}’ \mathrm{i}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{l}\dot{\mathfrak{c}}\{1^{\cdot}1^{\cdot}(^{\lrcorner}\mathrm{q}^{1}\mathrm{u}\mathrm{l}\mathrm{t}$ to
Lemma A is obtained by $\mathrm{B}\mathrm{e}\mathrm{r}\mathrm{r}\mathrm{y}_{1}\mathrm{n}\mathrm{a}\mathrm{n}$ and Holland [1] for the fast $\mathrm{c}\mathrm{l}\mathrm{i}\mathrm{H}\mathrm{U}\mathrm{b}\mathrm{i}\zeta$) $11(((^{(/-1})_{f}=\triangle U$
with $q>2$ . In [1] they study $\dagger_{\mathrm{i}}1_{1}\mathrm{e}\mathrm{a}\mathrm{s}\mathrm{y}_{1111)}\dagger 3\mathrm{o}\mathrm{t}\mathrm{i}\mathrm{t}\cdot\rceil$) $\mathrm{e},1\mathrm{l}\mathrm{a}\mathrm{v}\mathrm{i}\langle$$)1^{\cdot}$ of $\mathrm{f}\mathrm{i}_{11}\mathrm{i}\{(^{\backslash }\mathrm{t}\mathrm{i}_{111}(\lrcorner(^{\backslash }\mathrm{X}\mathrm{t}\mathrm{i}11\mathrm{c}\mathrm{t}\mathrm{i}()\mathrm{n}$
solutions of it.
First, we derive two sufficient $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{t}_{\lrcorner}\mathrm{i}_{0}11\mathrm{S}\mathrm{t}_{r}1_{1}\mathrm{a}\mathrm{t}$ tlle solutioll of (P) $\rceil)1\mathrm{t})1\backslash r\mathrm{s}\iota\iota 1)$ ill a $\mathrm{f}\mathrm{i}_{11}\mathrm{i}\mathrm{t}\mathrm{e}$
time.
Theorem B. Let $p>\underline{\eta}$ an$d\lambda_{1}<1$ . $A_{\llcorner}\mathrm{s}_{\llcorner}\mathrm{b}\mathrm{t}mle$ that $\iota()\in \mathrm{T}’|^{-}(\mathrm{J}1/)$ sa $\mathrm{t}i$ sfies $E(\ell(_{()})<0$ .
Tllen. tlle strong $\mathrm{s}^{\backslash }ol$ution of $(P)bl\mathrm{o}w6^{\mathrm{T}}$ up in a ffiiite rille.
Theoreni C. Let $p>2$ ancl $\lambda_{1}<1$ . $\mathrm{A}\mathrm{s}’ s\mathrm{u}me$ that $l/0\in \mathrm{T}’\mathrm{T}_{\mathrm{t})}^{-1_{J}J}\backslash \{()\}i_{\mathrm{b}}.l\mathit{1}()ll-_{l1\mathrm{e}_{\mathrm{o}}\lambda}\sigma_{\dot{\prime}}\gamma i\mathrm{v}e$
in $\Omega$ . Tlaen. $\dagger l_{1e}6^{\urcorner}trongsol$ution of $(P)\mathrm{b}low6$’ up in a finite time.
Here, we recall that $\lambda_{1}=\inf\{||\nabla u||_{J}p_{J}/||u||_{p}^{P} : u\in \mathrm{T}\mathrm{T}_{\mathrm{t}\mathrm{I}}^{- 1}p\backslash \{0\}\}$ . and if $\lambda_{1}\geq 1$ . every
strong solution of (P) exists globally in time. Theorelns $\mathrm{B}$ and $\mathrm{C}^{\mathrm{t}}\llcorner\llcorner \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{I}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{t}$ tlle
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known results by many authors concerning tlle existence allcl $\mathrm{n}\mathrm{c}\mathrm{J}\mathrm{n}$-existellce of global
solutions of (1.1) by giving inforlllation $\mathrm{a}\mathrm{b}\mathrm{o}\mathrm{u}\mathrm{t}$ the $\langle$ ase of $p=(\mathit{1}>2$ . Ill [2] Galaktionov
showed a similar result to Theorenl $\mathrm{C}^{\mathrm{t}}$ for $\mathfrak{l}/_{t}=\triangle\iota J^{\gamma \mathrm{t}}’+u^{J\}\}}\backslash \iota^{\gamma}$ith $\uparrow’\iota>1|$)$\backslash ^{-}$. using $\mathrm{t}\mathrm{h}\mathrm{e}_{\lrcorner}$
so-called Kaplalu method [6]. We should $111\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}_{0}11\mathrm{t}1_{1}\mathrm{a}\mathrm{t}\mathrm{t}1_{1}\mathrm{i}\mathrm{s}111\mathrm{e}\mathrm{t}_{}\mathrm{h}\mathrm{o}\mathrm{d}$ is llot $\mathrm{a}_{\mathrm{P}1^{)}}1\mathrm{i}(\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$
to our problem (P), alld our proof of Theorem $\mathrm{C}$ is quite different $\mathrm{f}\mathrm{r}\mathrm{c}$ ) $111$ that of [2].
Next, we consider $\mathrm{t}1_{1}\mathrm{e}$ asymptotic behavior of strong solutions of (P). $\mathrm{t}\mathrm{t}^{\tau}\prime \mathrm{e}$ begin
with deriving blowup rate and decay rate of strong solutions of (P).
Theorem D. Assume $p>2$ and $u_{0}\in \mathrm{T}/\mathrm{T}_{0}^{\prime 1.p}/\backslash \{0\}$ . Let $\tau*$ be $tl_{lel_{\dot{C}}t}\mathrm{x}i\mathrm{m}\dot{C}\mathrm{t}l$ existence
time of
$\cdot$
$tl_{2}e$ strong $s\mathrm{o}lu$tion $u(t)$ of $(P)$ . Put $\gamma_{*}=1\mathrm{i}111\iotaarrow T*[E(u(t))/||1/(\#)||_{\underline{J}}^{J)}]$ .
$(l)$ $\mathit{1}\mathrm{f}T^{*}<\infty$ . we $l_{l}$ at \acute e $\gamma_{*}<0md$
(1.4) $tarrow T1\mathrm{i}111*[-\gamma_{*}(p-2)(\tau*-\neq_{\mathrm{I}]^{1/)}|}(’-2)|U(\neq_{\mathrm{I}||}2=1$ .
(ii) If $\tau*=\infty$ and $\gamma_{*}>0$ . we $h\mathrm{d}1^{\gamma}e$
(1.5) $\lim_{tarrow\infty}[\gamma_{*}(p-2)t]^{1}/(lJ-\underline{\prime})||u(t)||2=1$ .
Reniark 1.1. Put $\wedge,1=\inf\{E(\{)/||u||_{2}^{p}$ : $u\in \mathrm{T}\prime \mathrm{T}_{0}^{- 1p}\backslash \{0\}\}$ . Then. we see $\mathrm{t}\mathrm{l}\perp \mathrm{a}\mathrm{t}\gamma_{1}>$
$-\infty$ . In fact. by the Gagliardo-Nirenberg and the Young inequalities. $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}\cdot \mathrm{e}$ exist
positive $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{t}_{\lambda}\mathrm{c}\mathrm{I}\mathrm{l}\mathrm{t}\mathrm{S}$ a $\in(0.p)$ . $C_{1}$ and $\zeta’\underline{)}$ such tllat
$||u||_{p}^{p}\leq C_{1}||u||^{p}2-0||\nabla \mathrm{t}\mathit{1}||_{P}\alpha\leq(1/2)||\nabla\iota \mathit{1}||_{p}Jj+^{c_{2}}||\iota l||_{\underline{\prime}}^{\mathit{1}’}$ . $p/\in \mathrm{T}\mathrm{T}_{\mathrm{t}\mathrm{J}}^{-1.1}l$
from which we $1_{1}\mathrm{a}\backslash ’-\mathrm{e}$
(1.6) $||\nabla n||_{p}^{jJ}\leq 2E(u)+2C_{2}||\iota||_{2}^{P}$ . it $\in \mathrm{T}\mathrm{T}_{1\mathrm{J}}^{\vee}1_{l}$
,
and we have $\hat{7}1\geq-C_{2}$ . So. it follows frolll $\mathrm{L}\mathrm{e}\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a}$ A and this fact $\mathrm{t}\mathrm{l}\mathrm{T}\mathrm{a}\mathrm{t}$ tlle lilnit
$7*= \lim_{tarrow T^{*}}[E(u(t))/||u(\dagger)||_{2}^{P}]$ exists and $\wedge/*\geq\wedge/1$ holds for any strong solution $n(t)$
of (P). We also note that frolll Theorelll B. if $\tau*=\infty$ . we $11\mathrm{a}\backslash ^{- \mathrm{e}}\wedge/*\geq 0$ . $\sim\backslash \mathrm{I}\mathrm{o}\iota\cdot \mathrm{e}(1^{-}\mathrm{e}\mathrm{r}$ . we
see that $\gamma_{1}<0$ [resp. $\gamma_{1}=0$ . $\gamma_{1}>0$ ] if and $(111.\backslash -\mathrm{i}\mathrm{f}/\backslash _{1}<1[1^{\cdot}\mathrm{e}\mathrm{s}\mathrm{p}. /\backslash _{1}=1. /\backslash _{1}>1]$.
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Remark 1.2. A function $u(x, \dagger)=v(t)u’(X)$ of variable $\mathrm{S}\mathrm{e}_{1^{)\mathrm{a}\mathrm{r}}}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}11\mathrm{t}.\backslash _{1^{)}}^{-}\mathrm{e}$ is called a
self-similar solution of (P) with $u_{0}(\alpha\cdot)=\mathrm{t}’(0)u’(.\mathit{1}^{\cdot})$ if $\mathrm{t}$ ’ ancl $\iota’\in|/\mathrm{I}_{0}/\sim 1\int^{)}$ satisfy
(1.7) $v_{t}=-\gamma’|v|p-2\tau$ ’ $\mathrm{i}_{11}$ $\mathbb{R}$ .
(1.8) $-\triangle_{p}w-|n’|^{p-2}\iota’=\wedge/^{u}$ ’ in $D’(_{-}(\})$
for some $\gamma\in \mathbb{R}$ . From $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{t}$) $\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{I}\mathrm{l}$ D. we see that the $\}_{)}1\mathrm{o}\mathrm{w}1\iota_{\mathrm{P}}$ rate and $\dagger 11\mathrm{e}$ decay rate of
general strong solutions of (P) in TheoreIIl $\mathrm{D}$ are $\dagger 11\mathrm{e}$ sallle as those of $\mathrm{t}\mathrm{l}\mathrm{l}rightarrow \mathrm{s}\mathrm{e}\mathrm{l}\mathrm{f}- \mathrm{S}\mathrm{i}\mathrm{m}\mathrm{i}\mathrm{l}\mathrm{a}\mathrm{I}^{\cdot}$
solutions of (P).
Remark 1.3. In the case when $p<q$ ill (1.1). the decay rate of slllAl $\mathrm{r}$) $1$($\neg\underline{\mathrm{r}}_{)}\mathrm{b}\mathrm{a}1$ solutions
of (1.1) is given by H. Ishii [5]. However. it seelns tllat ill $[\check{\mathrm{o}}]$ there $\mathrm{a}\mathrm{r}\epsilon^{\backslash }11()$ results for
blowup rate of solutions of (1.1) when $2<p<q$ . For $\mathrm{t}1_{1}e\mathrm{s}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{e}\dot{c}11^{\cdot}(i\mathfrak{j}.\mathrm{b}\mathrm{e}_{\mathit{1}}’=2<(\mathit{1}\cdot$
see Giga and Kohn [3] and references tllerein.
The following theorem states tllat the a,s$\mathrm{y}_{111}1\supset \mathrm{t}\mathrm{o}\mathrm{t}\mathrm{i}\mathrm{C}$ profiles of solntions of (P) $w^{\prime\backslash }\mathrm{e}$
given by the solutions of (1.8).
Theorem E. Assume $tl_{l}$at $p>2$ a$ncl\iota_{0}\in \mathrm{T}\mathrm{T}_{0}^{-1}J^{)}\backslash \{0\}$ . Let $\tau*\in(0.\propto$ ] be the
$m\mathfrak{B}_{\llcorner}^{r}i\mathrm{m}\mathrm{a}l$ existence time of $tl_{l}\epsilon^{}st$rong solution $u(\neq)$ of $(P)$ . $Tl\mathit{1}\epsilon$} $\mathrm{r}\mathit{1}$ . for $j\tau n.1’$ sequence
$\{t_{j}\}\mathrm{s}ati_{5}\mathfrak{l}\mathrm{f}\mathrm{t}^{\gamma}in\subset\sigma,$ $t_{j}arrow\tau*$ . th $‘\supset ree\mathrm{x}i_{\mathrm{S}}t$ a $s\mathrm{u}$bsequence $\{t_{7’}\}$ of $\{t,\cdot\}$ a $l\mathit{1}(\mathrm{j}ll\{’\in \mathrm{T}\mathrm{T}_{\mathrm{r}\mathrm{J}}^{-1}$ ” such
that
(1.9) $u(t_{j’})/||u(t_{j’})||_{2}arrow \mathrm{t}\mathrm{t})$ in $\mathrm{T}/\mathrm{T}_{1)}^{\sim 1\prime}/$
(1.10) $-\triangle_{p}u)-|w|^{p-\sim}’ u’=\gamma_{*}w$ in $D’(\Omega.)$ . $||\mathrm{t}\mathit{1}’||2=1$ .
$\iota\pi_{/^{r}}llere\gamma*=\lim_{tarrow T^{*}}[E(u(t))/||\mathrm{t}l(t)||^{p}2]$ .
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Remark 1.4. It is natural to ask in Theorelll $\mathrm{E}$ whether the limit $u(f)/||u(r)||_{2}$ exists
or not in $\nu V_{0}^{1.p}$ as $tarrow\tau*$ . At the present. we clo not know tlle $\mathrm{a}\mathrm{n}\mathrm{s}\backslash \backslash ’ \mathrm{e}\mathrm{r}$ . even if the
solution $u(t)$ of (P) is non-negative. Of course. if non-negative $\mathrm{s}\mathrm{c}\rangle$ $11\iota \mathrm{t}\mathrm{i}()1\perp a^{1}\in \mathfrak{s},\mathrm{T}_{(\rfloor}^{-}1p$ of
(1.10) is ullique, then it follows ilnlnediately $\mathrm{f}\mathrm{i}:0111\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{E}$ that $\iota/(t)/||u(t)||_{2}arrow u)$
in $\iota\eta\gamma_{0}^{1}’ p$ as $farrow\tau*$ for any non-negative and noll-zero sollltioll $u(\neq)$ of (P). However.
as we show in Section 3 for the case $l\mathrm{V}$ $=1$ . non-negative solutioll of (. 1.10) is not
unique in general.
The plan of this paper is as follows. In $\mathrm{s}_{\mathrm{e}\mathrm{C}\mathrm{t}\mathrm{i}_{011}}2$ . we give $\mathrm{t}1_{1}\mathrm{e}_{A}1$) $\mathrm{r}()\mathrm{o}\mathrm{f}_{1}\mathrm{s}$ of Lellllna
A and Theorellls B. $\mathrm{C},$ $\mathrm{D}$ and E. Lelluma A will $1$) $1\mathrm{a}_{3’}$ an $\mathrm{i}_{1111}$) $\mathrm{t}$) $\mathrm{r}\mathrm{t}_{\mathrm{d}\mathrm{J}1}^{\sigma}\mathrm{t}$ role throughout
this paper. Theorems $\mathrm{B}$ alld $\mathrm{D}(\mathrm{i}\mathrm{i})$ follow ilmnediately $\mathrm{f}\mathrm{r}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{l}(1.2)$ and Lelllma A. In
order to prove Theorems $\mathrm{D}(\mathrm{i})$ and E. we use the rescaling argulnentl\ together with
Lemma A. Theorem $\mathrm{C}$ is proved by contradiction. using Theoreln E. Ill Section 3, we
discuss the uniqueness and non-uniquelless of $\mathrm{n}\mathrm{o}11- 11\mathrm{e}\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{i}_{1}- \mathrm{e}\mathrm{s}\mathrm{t}$ ) $1\mathrm{u}\mathrm{t}\mathrm{i}_{01}1\iota\backslash$ , of (1.10) for the
case $N=1$ .
2. $\mathrm{P}\mathrm{R}()C)\mathrm{F}\mathrm{S}$ OF THE$()\mathrm{R}\mathrm{E}\mathrm{M}\mathrm{s}$
In this section, we give the proofs of Lelllllla A and Theorellls B. C. $\mathrm{D}$ and E. First,
we give the proof of Lenuma A.





$\mathrm{a}.\mathrm{e}$ . in $[0, T^{*})$ . By the Cauchy-Schwarz inequality. we $01_{)}\mathrm{t}\mathrm{a}\mathrm{i}1\perp \mathrm{L}\mathrm{e}111111_{\dot{C}}\mathfrak{i}$ A. $\square$
Next, we prove Theorellls $\mathrm{B}$ and $\mathrm{D}(\mathrm{i}\mathrm{i})$ . usillg (1.2) and Lelllllla A $0111.\backslash ^{-}$ .
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Proof of Theorenl B. By Lemnla $\mathrm{A}$ , we have
$E(v(f))/||v(f)||^{p}2\leq E(v_{0})/||u_{0}||_{\mathit{2}}^{p}‘$ . $f\in[0.T^{*})$ .
Put $c_{0}=-E(v_{0})/||v_{0}||_{2}^{p}$ . Then, frolll (1.2) and our $\mathrm{a}\mathrm{s}\mathrm{s}\iota\iota 1111$) $\dagger \mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}E(|J_{0})<$ $()$ . we $\mathrm{h}it\backslash \mathit{7}\mathrm{e}$
$c_{0}>0$ and
(2.1) $\partial_{t}||u(t)||_{2}^{2}=-2E(u(t))\geq 2c_{(\mathrm{J}}||u(f)||_{2}^{l)}$ . $f\in[0$ . $T^{*}$ ).
Since we consider the case $p>arrow\eta$ , it follows from (2.1) $\mathrm{t}11_{C}^{r}\mathrm{i}\mathrm{t}\tau*<\infty$ . $\square$
Proof of Theorem $\mathrm{D}(\mathrm{i}\mathrm{i})$ . Frolll $\mathrm{L}\Leftrightarrow 111111\mathrm{a}$ A. for my $\vee’->0\mathrm{t}1_{1\in)}1^{\cdot}\mathrm{t}^{\backslash }$ exists a $T.\wedge->0$
such that
(2.2) $\gamma_{*}\leq E(u(’))/||u(f)||^{p}2\leq\wedge,*+\mathrm{c}’$ . $f\in[\tau_{\vee}\overline,$ . $\mathrm{x}$ ).
By (1.2) and (2.2), we llave
(2.3) $-2(\gamma_{*}+\epsilon)||u(t)||_{2}^{p}\leq\partial_{t}||1/(\gamma)||_{2}2\leq-2\gamma_{*}||1/(\#)||^{J}\underline{‘\rangle)}$ . $\neq\in[T_{arrow}-$ . $\mathrm{x}$ ).
From (2.3), we get
$[||u(T\sigma.)||2-(P^{-2})]^{-}\mathit{2}/(p-2)(t-\tau)\overline{\check{\mathrm{c}}}-+(\gamma_{*}+\epsilon)(p2\mathrm{I}$
$\leq||v(t)||_{2}^{2}\leq[||u(T_{\vee}\triangleright)||^{-(2)}\underline{9}p-+\gamma_{*}(_{l})-2)(t-T-)\vee]^{-2}/(p-\underline{)})$ . $f\in$ [T.-. x).
from which we have
$[\gamma_{*/(\gamma_{*}+\in)}]1/(p-2)\leq 1\mathrm{i}_{111,\daggerarrow\infty^{1\mathrm{u}}}\mathrm{i}\mathrm{f}[\gamma_{*}/(p-2)t]^{1/(-}p\underline{\prime})||(l(f)||\underline{‘)}$
$\leq 1\mathrm{i}111tarrow\infty \mathrm{s}\mathrm{t}\mathrm{u}1)[^{\wedge})*(_{\mathit{1}})-2)t]^{1}/(/’-\underline{)})||1\mathit{1}(t)||_{\mathit{2}}\leq 1$ .
Since $\mathrm{c}’>0$ is arbitrary, we obtain (1.5). $\square$
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Remark 2.1. When $\tau*=\infty$ , it follows frolll Theorelll $\mathrm{B}\mathrm{t}_{}11\mathrm{a}\mathrm{t}\wedge \mathit{1}*\geq 0$. Conversely.
if $\gamma_{*}\geq 0$ , we have $\tau*=\infty$ . In fact. suppose that $\wedge//*\geq 0$ . Then. it $\mathrm{f}_{\mathrm{C})}11\mathrm{C}$ )$\mathrm{t}.\backslash \mathrm{v}\mathrm{S}$ from
the definition of $\gamma_{*}$ that $E(n(t))\geq 0$ for any $t\in[0.T^{*}$ ). Froln (1.2). we see that
$||u(t)||2\leq||u_{0}||2$ for any $t\in[0, T^{*}).$ ffonl which we have $\tau*=\infty$ . In the case when
$\gamma_{*}=0,$ $\mathrm{f}\mathrm{r}\mathrm{o}\ln$ the proof of The($\supset \mathrm{r}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{D}(\mathrm{i}\mathrm{i})$ , we see $\mathrm{t}_{l}\mathrm{h}\mathrm{a}\mathrm{t}$ there exists a $1$) $(\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}(\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}$
$C_{1}$ such that $||u(t)||2\geq C_{1}(1+\#)^{-1}/(P-2)$ for any $\neq\in[0$ . $\infty$ ).
Next, we prove Theorems $\mathrm{D}(\mathrm{i})$ and E. using the $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{c}\mathrm{a}\mathrm{l}\mathrm{i}_{1}\zeta\lambda \mathrm{r}\mathrm{g}\sigma \mathrm{U}\mathrm{l}\mathrm{l}\mathrm{l}e\mathrm{n}\mathrm{t}\mathrm{S}$ .
Proof of Theorenl $\mathrm{D}(\mathrm{i})$ . First. $\mathrm{f}_{\mathrm{r}\mathrm{o}11}1$ Relllark 2.1. we see that $\neg/’*<0.$ Ill order to
show (1.4), we introduce the rescaled function $\overline{u}(.t\cdot. \mathcal{T})$ defilled by
$u(x.\tau)=(\tau^{*}-\#)^{1/(}p-2)(uy\cdot.f)$ . $f=T^{*}-e^{-\tau}$ .
$=\epsilon^{-\tau/(p2}-)U(.l\cdot.\tau*-\epsilon^{-})\mathcal{T}$ .
Then, $\overline{u}(\backslash ?\cdot. \tau)$ satisfies
(2.4) $\overline{v}_{\tau}=\triangle_{p^{1/+}}-|\overline{\mu}|^{p2}-\overline{v}-\frac{1}{p-2}\mathrm{t}J-$ . $\overline{/}\in(-1()\mathrm{g}T^{*}$ . $\propto \mathrm{I}\cdot$
Multiplying (2.4) by $\overline{u}(\mathrm{t}\mathit{1}^{\cdot}, \tau)$ and integrating over $\Omega$ . we llave
(2.5) $\partial_{\tau}||\overline{u}(\mathcal{T})||.\frac{\rangle}{2}=-2E(\overline{U}(_{\mathcal{T}}))-\frac{2}{p-\underline{9}}||\overline{u}(\mathcal{T})||^{\frac{)}{.\underline\rangle}}.$ .
Since we have $1\mathrm{i}\ln_{\tau}arrow\infty[E(\overline{U}(\mathcal{T}))/||\overline{U}(\tau)||^{p}\underline{.)}]=1\mathrm{i}111_{f}arrow\tau*[E(lJ(\neq))/||1/(f)||^{l)}\underline{\rangle}]=7^{j}*\cdot$ for $i\mathrm{m}_{\vee}\mathrm{v}$
$\epsilon>0$ there exists $T_{c}.>0$ such that
$\gamma_{*}\leq E(\overline{U}(\tau))/||\overline{U}(\mathcal{T})||_{2}^{p}\leq\gamma_{*}+\mathrm{c}’$, $\overline{\prime}\in[T-\vee\cdot\infty)$ .
From (2.5), we llave
(2.6) $f_{\epsilon}(||\overline{u}(\mathcal{T})||_{2}^{2})\leq\partial_{\tau}||\overline{\mathrm{t}\ell}(\tau)||^{\sim}\underline{)\rangle}\leq.f_{0}(||u(\tau)||^{\frac{)}{\underline}})$. $\overline{\prime}\in[T_{-}\overline{-}$ . $x:$ ).
Here we put $f_{\delta}(s)=-2(\gamma_{*}+\delta)s^{\mathrm{J}/2})-(2/(l)-2)).\backslash$ for $\delta=0$ and $\vee’\wedge$ . To conclude the
proof, we have only to sllow that
(2.7) $A_{0}\leq||\overline{U}(\mathcal{T})||_{2}^{2}\leq_{\wedge}4_{\epsilon}$ . $\tau\in[T_{\overline{-}}.\cdot \mathrm{x})$ .
143
$\mathrm{w}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}$ $As=[-(\gamma_{*}+\delta)(p-\underline{9})]-2/1p-2)$ d.$f\delta$ (all $A\delta$ ) $=0.$ Ill fact. sillce $\hat{\mathrm{C}}>0$ is $\mathrm{a}\mathrm{r}\mathrm{t}$ ) $\mathrm{i}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{r}_{\nu}\mathrm{v}$ ,
(1.4) follows froln (2.7) and the definition of $\overline{u}(x.\tau)$ . $\mathrm{V}^{r_{\mathrm{e}_{1^{)\mathrm{r}}}}}\mathrm{t}$)$1^{-e}(2.7)$ by ((1ltra $\langle$licti$(11$ .
First, suppose that there exists $\tau_{0}\in[T_{-,\vee}.\cdot\infty$ ) such that $|||/(-\tau_{0})||_{2}^{2}<44_{0}$ . Thell. $\mathrm{f}\mathrm{I}\cdot 0111$ the
second inequality of (2.6), we see that there exists a $1$) $\mathrm{O}_{\mathrm{t}}^{\neg}‘,\mathrm{i}\mathrm{t}\mathrm{i}1^{-\mathrm{e}}\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{l}‘ \mathrm{b}\mathrm{t}I\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{t}C_{0}’$ such that
$||\overline{?\mathit{1}}(\tau)||^{2}2\leq c_{0\epsilon}-2_{\mathcal{T}}/(p-2)$ for any $\tau\geq\tau_{0}$ . Since $|| \overline{\iota l}(\tau)||\frac{)}{2}--\epsilon^{-(\mathit{2}/}(p-\mathit{2}))\mathcal{T}||\ell/(T^{*}-e^{-\tau})||_{2}’\sim)$ ,
we have $||?l(T^{*}-\epsilon-\tau)||^{2}2\leq C_{0}$ for any $\tau\geq\tau_{0}$ . However. this contradicts the fact that
$\lim_{tarrow T^{*}}||u(t)||_{2}=\infty$ . Tllus, we obtain tlle first $\mathrm{i}\mathrm{l}\perp \mathrm{e}\mathrm{c}\mathrm{l}\mathrm{l}’(\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$ of $(2.\overline{/})$ . Next. suppose
that there exists $\tau_{1}\in[T_{-.\infty}.,)$ such that $||\mathrm{t}\mathit{1}(-\mathcal{T}_{1})||_{2}^{2}>A4.,,.$ Frolll $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}$ first $\mathrm{i}_{11\mathrm{e}}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}1.-$ of
(2.6). we see that there exists $T_{1}\in(\overline, 1\cdot\infty)$ such $\mathrm{t}\mathrm{h}_{r}\iota\{1\mathrm{i}111_{\tau-}T\iota||1-/(\overline{/})||_{\underline{y}}^{2}=\mathrm{x}$ . However.
this contradicts the fact tllat $\mathrm{t}1(-)\mathcal{T}$ exists for all $\tau\in(-\log T^{*}. \mathrm{x})$ . $\mathrm{T}\mathrm{l}1\iota 1|\mathrm{S}$ . we $()|-)\mathrm{t}\mathrm{a}\mathrm{i}\mathrm{n}$
tlle second inequalit.v of (2.7). and the proof of Theorelll $\mathrm{D}(\mathrm{i})\mathrm{i}\overline{\mathrm{s}}\mathrm{c}\cdot 01111^{)}1\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{C}1$ . $\square$
Proof of Theorem E. For the solution $n(.\iota\cdot.t)$ of (P) ill [ $0$ . $T^{*}$ ) . $\backslash \mathrm{v}\mathrm{e}$ clefine $\mathrm{t}1\overline{\perp}\mathrm{e}$ rescalecl
function $\tilde{u}(x. \tau)$ as follows:
$\mathit{1}\tilde{U}(\mathrm{c}L^{\cdot}.\mathcal{T})=u(X, f)/||\mu(\#)||_{2}$ . $\tau(\neq)=.\int \mathrm{r}\mathrm{J}|||U$(.$$\mathrm{I}|^{J}2(-2lf).\backslash$ .
Then. from Theorelll $\mathrm{D}\mathfrak{c}\gamma 11\mathrm{d}$ Relnark 2.1. we see tllat $\tau(T^{*})=\infty \mathrm{d}11(1[]/(_{\overline{l}}\sim)$ satisfies
(2.8) $\mathrm{t}l_{\mathcal{T}}\sim=\triangle_{p}\tilde{v}+|\tau/|\sim p-2\tilde{u}+E(l^{\backslash }’)_{1}\grave{J}$ . $\tau\in[0$ . $\propto)$ .
First. we show that for any sequence $\{\tau_{j}\}\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\mathrm{f}.\mathrm{l}-\mathrm{i}\prime \mathrm{l}\overline{\mathit{1}}_{J}arrow\infty\dagger 1_{1\mathrm{e}\mathrm{I}}\cdot e(^{\Delta}\mathrm{x}\mathrm{i}\mathrm{s}\mathrm{t}\dot{\subset}\mathrm{t}_{\iota}\mathrm{b}1\iota 1)_{1}\mathrm{b}\mathrm{e}(1^{\iota}\iota \mathrm{e}\mathrm{n}\mathrm{C}\mathrm{e}$
$\{\tau_{j’}\}$ of $\{\tau_{j}\}$ and $u$ ) $\in\nu v_{0}^{-1.p}$ such that
(2.9) $\tilde{u}(\tau_{j}’)arrow\iota‘$’ $\mathrm{i}_{11}$ $L^{J}\sim(\Omega)$ .
and $w$ satisfies (1.10). Since $||?l(\sim\tau)||2=1$ for $\tau\in[0.\infty)$ . $111\iota \mathrm{l}\mathrm{t}\mathrm{i}\mathrm{p}\mathrm{l},\backslash -\mathrm{i}\mathrm{l}(2.\mathrm{S})1)\backslash ^{-}.\mathrm{t}l_{\mathcal{T}}(\sim.\downarrow\cdot. \tau)$
and integrating over $\Omega$ , we have




we $\mathrm{h}\mathrm{a}\mathrm{v}\mathrm{e}.\int_{0}^{\infty}||\tilde{u}_{\tau}(\tau)||_{2}^{2}d\tau<\infty$. Here, following the proof of Lelllllla 4 of $()\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{i}\wedge[11]$ ,
we set $\dot{\tilde{v}}_{j}(\sigma)=\tilde{y_{}}(\mathcal{T}_{j}+\sigma)$ for $0\leq\sigma\leq 1$ . Then. we see that $\{\mathrm{t}\tilde{J}_{j}.\}\subset C^{l}([0.1]:\mathrm{T}/\mathrm{I}_{0}’-1_{P}(\Omega.))$ ,
and $\dot{\tilde{u}}_{j}$ satisfies
(2.12) $\partial_{\sigma}\tilde{u}_{j}=\triangle_{p}\tilde{v}_{j}+|\tilde{v}_{j}|^{p-2}\mathrm{t}/_{j}\sim+E(\grave{|\mathit{1}}, )_{U_{j}}^{\sim}$ . $\sigma\in[0.1]$ .
It follows froln $\int_{0}^{\infty}||\tilde{v}_{\tau}(\mathcal{T})||_{2}^{2}d\tau<\infty$ that
(2.13) $||\partial_{\sigma^{\tilde{U}}j}||_{L^{2}((\iota 1}0.1:L2))arrow 0$ .




By $(2.11)-(2.14)$ , the lnonotonicity $\mathrm{o}\mathrm{f}-\triangle_{p}$ and tlle standard $\mathrm{c}\cdot 01111\supset_{\dot{\mathrm{C}}}\mathfrak{i}\mathrm{c}\mathrm{t}\mathrm{n}e\mathrm{s}\mathrm{s}$ argunlent,
we see that there exist a subsequence $\{\tilde{u}_{j’}\}$ of $\{\mathrm{t}\tilde{\mathit{1}}_{j}\}$ and $\mathrm{t}\tilde{\mathit{1}}’\in L^{\infty}$(O. 1: $\mathrm{T}\mathrm{T}_{\mathrm{U}}^{- 1}p(\Omega)$ ) such
that
$\tilde{u}_{j’}arrow\hat{n}$’ ill $C([0.1]:L^{2}(\Omega))$ .
and $\tilde{n},(\sigma)$ satisfies (1.10) for each $\sigma\in[0.1]$ (see $\mathrm{t}11e_{1^{)\mathrm{r}\mathrm{o}\mathrm{O}}}\mathrm{f}_{}\mathrm{S}$ of $\mathrm{T}1_{1\xi^{\backslash }(}$) $1^{\cdot}\mathrm{e}1111$ of [14] alld
Lemma 4 of [11] $)$ . Putting $u’=\tilde{n},(0)$ . we see that tllere exists a ,$\mathrm{s}^{\backslash }\mathrm{u}1$ ) $\mathrm{s}\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}\{\overline{/}_{j^{J}}\}$
of $\{\tau_{j}\}$ satisfying (2.9) and $u$) satisfies (1.10). Finally. $\backslash \backslash \cdot \mathrm{e}$ show t,hat there exists a
subsequence $\{\tau_{j}:\backslash .\}$ of $\{\tau_{j’}\}$ such that
(2.15) $\tilde{v}(\tau_{j^{::}})arrow \mathrm{t}\mathrm{t}$ ’ in $\mathrm{T}V_{\mathrm{t})}^{1.p}(\Omega)$ .
In fact, since $\{\tilde{u}(\tau_{j^{l}})\}$ is bounded in $\iota/\nu_{0}^{- 1.p}$ . it follows $\mathrm{f}\mathrm{r}\mathrm{C}$ )$111(2.9\mathrm{I}$ that tllere exists a
subsequence $\{\tau_{j’}’\}$ of $i^{\tau_{j}}’$ } such that
(2.16) $\tilde{u}(\tau_{j}\cdot, )arrow u)$ weakly in $\mathrm{T}\mathrm{T}_{0}^{-1.p}/(\Omega)$ and strongly ill $L^{p}(_{-}\Omega)$ .
Since $w$ satisfies (1.10), it follows from (2.11) that $E(\tilde{u}(\tau j::))arrow\wedge,*=E((\{’)$ . $\backslash _{-}|$Ioreover,
it follows from (2.16) that $||\hat{u}(\gamma_{J}\cdot\cdot)||_{p}^{p}arrow||\chi\iota)||_{P}P$ . Tllus. we liave
(2.17) $||\nabla?\tilde{\mathit{1}}(\tau_{j^{:}}:)||_{p}^{J^{J}}arrow||\nabla u’||_{p}P$ .
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Since $W_{0}^{1,p}$ is a uniformly convex Banacll space. (2.15) follows fr$\mathrm{o}\ln(2.1\mathrm{C})$ and (2.17).
This completes the proof of Theorelll E. $\square$
Finally, we prove Theorelll C. To prove it. we lleed to $1^{)\mathrm{r}(\}}1^{)\mathrm{a}\mathrm{r}e}()11\mathrm{t}\Delta 1\langle’\backslash 111111\mathrm{a}$ .
Lenlma 2.2. Let $p>2$ . $\lambda_{1}<1$ and {$\wedge\geq 0$ . Suppose that $n$ ) $\in$ I $\mathrm{T}_{\mathrm{r})}^{-\rceil}\prime Ji_{\mathrm{b}l\mathit{1}()l}.- le_{\xi\supset}\sigma ati\mathrm{v}e$
in $\Omega$ . ancl $s\mathrm{a}ti_{S}fies-\triangle_{F^{\mathrm{t}-}},|u$ ) $|^{p-}2\mu$ ) $=\gamma u$ ’ in $D’(\Omega)$ . Then. we $lii1^{r\supset}‘($ ( $’\equiv 0$ in $\zeta$ )$-$ .
Proof of Lemma 2.2. Suppose that $u’\not\equiv 0$ ill $\zeta$)$..$ Thell. $\rceil_{)\backslash ^{-},\sim}\mathrm{t}11\in$) stillltli).l$\cdot$d $i\mathrm{u}\cdot \mathrm{g}\iota 111\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{t}$
(see, e.g., [13, p.418]), we see that $u’\in C^{1+\alpha}(\overline{\Omega})$ for sollle ( $\backslash \in(()$ . $1)c1\prime 11$ ( $11/’$ is $1$ ) $\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}$
in $\Omega$ . Let $\varphi$ be a positive solution $\mathrm{o}\mathrm{f}-\triangle_{p\hat{r}}(=\lambda_{1}|\varphi|^{p-2}\forall^{\wedge}$ ill $D’(\Omega)$ . $\mathrm{S}\mathrm{i}_{1}\mathrm{z}(\mathrm{e}n’$ satisfies
$-\triangle_{P}u)\geq|u)|^{P^{-2}}u)$ in $D’(\Omega)$ , in tlle saine way as in tlle $\mathrm{P}^{1((\mathrm{f}}$ of Th$(^{\lrcorner}\zeta)\Gamma \mathfrak{c}-\backslash 111$ II of [4]. we
get $\varphi\equiv 0$ in $\Omega$ . This is a contradiction. Hence. we $11\dot{\epsilon}\mathrm{l}\mathrm{v}\mathrm{e}\iota^{1}\equiv\circ \mathrm{i}_{\mathrm{l}1}\mathrm{f}l$ . $\square$
Proof of Theorem $C$ . We $1$) $\mathrm{r}\mathrm{C}$) $\mathrm{v}\mathrm{c}^{\lrcorner}$ by contradiction. Let $1l(t)$ be a global solution
of (P) such that $v_{0}\in \mathrm{T}^{\text{ }}|/=1J0y\backslash \{0\}$ is $\mathrm{n}\mathrm{t}$) $\mathrm{n}- 1\mathrm{l}\mathrm{e}\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{i}\backslash - \mathrm{e}$ in $\Omega$ Then $|$ )$\backslash \vee^{-}\mathrm{t}1_{1}\mathrm{e}111i1\mathrm{x}\mathrm{i}_{1}11\mathrm{u}\mathrm{m}$
principle as in [14]. $\tau/(\gamma)$ is non-negative in $\Omega$ for $t\in[0$ . $\propto$ ) $.$ Frolll $\mathrm{T}11(^{\lrcorner}\mathrm{t}1^{\cdot}\mathrm{t}s111$ B. we
$1_{1} \mathrm{a}\mathrm{v}\mathrm{e}\gamma_{*}=\lim_{tarrow\infty}[E(u(t))/||\mathrm{c}l(t)||_{2}^{p}]\geq 0$ . Moreover. $\mathrm{f}\mathrm{i}\cdot \mathrm{c}$) $111\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{c}$) $1^{\cdot}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}$ E. $\mathrm{t}\mathrm{l}$) $\mathrm{e}\mathrm{r}\mathrm{e}$ exist a
sequence $\{t_{j}\}$ satisfying $t_{j}arrow\infty$ and $u’\in \mathrm{T}/\mathrm{T}_{(\mathrm{J}}^{- 1.p}$ such that
(2.18) $v(t_{j})/||\mathrm{t}l(tj)||_{2}arrow 1P$ ’ in $\mathrm{T}l_{(1}^{\vee}1_{l^{;}}$
$-\triangle_{p}u)-|u)|^{p-2}\iota l)=\gamma_{*}\ell$ {’ $\mathrm{i}_{11}$ $D’(\Omega)$ .
Since $v(t)$ is non-negative in $\Omega$ for $f\in[0$ . $\propto$ ) $.$ frolll (2.18). we “$\mathrm{s}^{\backslash }e_{J}\mathrm{t}1_{1}\mathrm{a}\mathrm{t}u$ ’ is also
non-negative in $\Omega$ . Thus. it follows frolll Lelllllla 2.2 that $\mathrm{t}/$ ) $\equiv 0$ in $\zeta$ )$\lrcorner$ . However. this
contradicts $||w||_{2}=1$ . Hence, we obtain Theorelll C. $\square$
3. EIGENVALUE PROBLEM (1.10) $\mathrm{F}()\mathrm{R}arrow\backslash ^{\mathrm{Y}}=1$
In this section, we consider the eigenvalue problelll (1.10) for the case $-\backslash ^{\mathrm{v}}=1$ .
Especially, we are interested in the set of all non-negative solrrtions of (1.10) with
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$\gamma_{*}<0$ , which is related to the asylnptotic profiles of non-negative blolvup solutions
of (P).
First, we consider the following boundary value problelll:
(3.1) $\{$
$-(|v’|^{Py(x))’}-2/-|1/|^{p-2}U(x)=-U(\mathrm{J}^{\cdot}). ’ \in\zeta)-$ .
$U\in \mathrm{T}l^{r_{0}}/1.p(\Omega \mathrm{I}, u(\lambda\cdot)\geq 0.\not\equiv \mathrm{o}$ . $\lambda\cdot\in\Omega$ .
Here, the symbol / denotes the differentiation with $\mathrm{r}\mathrm{e}\mathrm{s}_{1}$) $\mathrm{e}\mathrm{C}\mathrm{f}$ to , . $\mathrm{L}\mathrm{e}_{p}\mathrm{t}S_{l}$ be the set
of all solutions of (3.1) $\mathrm{f}\mathrm{t}\mathrm{l}\cdot\Omega$. $=(-l.l)$ . Then. the structure of $S_{l}$ is $\mathrm{d}_{\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{r}1}11\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{d}$ as
follows.
Proposition 3.1. Let $l_{p}$ be the positive nulll $\mathrm{b}$er such tlla $r$
$/ \backslash _{1}(-|_{}p\cdot p’)=\inf\{||1l|/|_{pp}^{p}/||\mu||J^{y} : u\in \mathfrak{s}\mathfrak{s}\sim 1_{J^{)}}-(\rfloor(l_{J},.\prime_{\mathit{1}}J). |\mathit{1}\neq 0\}=1$.
and $\gamma\eta_{p}=pl_{p}/(p-2)$ .
(1) If $l\leq l_{p}$ . then $S_{l}$ is $\mathrm{e}mpt_{1}-$.
(2). If $l_{p}<l\leq\uparrow n_{p}$ . $tl_{l}$en $tl_{l}ere$ exists a tllicl positive $‘ \mathrm{s}c$)$lu$ tion $\Phi$ , of (3.1) and
$S_{l}=\{\Phi_{l}\}$ .
(3) If $l_{\mathrm{J}}>m_{p}$ . $tl3enS_{l}=\cup^{[l/]}k^{\backslash }=’ 1S^{k}l\gamma?_{\mathit{4}^{y}}$ . vvhere $[l/,’\}]p$ den$0$ tes the $lj\mathit{1}r_{\cap}\mathrm{t}re6’\gamma$ integer not
exceecling $l/m_{p}$ . and $S_{l}^{k}= \{\sum_{j=1}^{\mathrm{A}}\Phi|7?p(\cdot-J|j)$ : $-l\leq/|1$ – ,,7/’. $|Jj+2m_{p}\leq$
$y_{j+1},$ $j=1,$ $\cdots,$ $\mathrm{A}\cdot-1,$ $y_{k}$. $+\uparrow?\mathit{1}p\leq l\}$ .
As a corollary to Proposition 3.1. we have the lllain result ill this section.
Theorem 3.2. Let $\gamma<0$ ancl $\Sigma(\gamma)$ be the set of all $\mathrm{b}$’olution$‘ \mathrm{s}$ of
$\{$
$-(|u’|^{p}-\underline{9}u’(.I^{\cdot}))’-|u|p-\underline{)}u(X)=\wedge/\iota l(X)$ . $\iota 1^{\cdot}\in(-l.l)$ .
$v\in W_{0}^{1_{J)}}.(-l.l\mathrm{I}\cdot$ $||_{U}||_{2}=1$ . $u(r’)\geq 0$ . $,$ . $\in(-l. l)$ .
(1) $l/Vl_{2e}\mathrm{n}l\leq l_{p}$ . $\Sigma(\gamma)$ is $e\mathrm{m}pt\mathrm{y}$ for $\mathrm{a}\cdot l1\wedge,$ $<0$ .
(2) $l/\mathrm{T}^{7}/henl_{p}<l\leq 77?_{\mathit{1})}$ . $l\epsilon\cdot t\gamma_{1}=E(\Phi_{l})/||\Phi_{l}||^{\mathit{1}^{)}}\underline{)}\cdot Tf\grave{i}\mathrm{e}n\wedge\prime 1<0$ ancl $\underline{\nabla}(_{/1}^{\wedge})=.\{\tilde{\Phi}_{l}\}$ .
where $\tilde{\Phi}_{l}=\Phi_{l}/||\Phi_{l}||_{2}$ . and $\Sigma(\gamma)$ is empt.$\tau-$ $if\wedge$) $\neq\wedge/1$ .
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(3) When $l>rn_{p}$ . for $k=1.2.\cdots i[l/rn_{J)}]$ . $l\epsilon’ t7t\cdot=k^{1-p/2}E(\Phi_{\tau}\}\}p)/||\Phi_{7’ 1_{p}}||_{2}^{p}.$ .
Then $\gamma_{1}<\gamma_{2}<\cdots<\gamma_{[l/m_{p}}$ ] $<0$ an $d \underline{\nabla}(\gamma_{\mathrm{A}})=\{\sum_{j=1}^{k}\tilde{\Phi}_{r}\}\prime \mathrm{j}’.(\cdot-/|j)$ : $-l\leq$
$y_{1}-m_{p},$ $y_{j}+2m_{p}\leq y_{j+1},$ $j=1.\cdot\cdot$ ‘ , $k-1$ . $.|Jk+\uparrow tlp\leq l$ } . $j\lambda \mathrm{n}cl^{\nabla}arrow(\wedge/)$ is $e\mathrm{m}pt.\gamma$
if $\gamma\not\in\{\gamma_{1_{i}}\gamma_{\underline{9}}.\cdots, \gamma[l/n?_{p}]\}$ .
Theorem 3.2 follows immediately $\mathrm{f}_{\mathrm{r}\mathrm{t}1}11\mathrm{P}\mathrm{r}\mathrm{o}_{1}$) $\mathrm{o}\mathrm{s}\mathrm{i}\uparrow_{\lrcorner}\mathrm{i}\mathrm{t}$)$\mathrm{n}3.1$ . We $11()\mathrm{t}^{\Delta}‘$ tllat $\wedge,1$ defined
in Remark 1.1 coincides with that in Theorem 3.2 in this case. Ill order to prove
Proposition 3.1, we consider the following illitial value $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{I}\supset \mathrm{l}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}$ :
(3.2) $\{$
$(|v’|^{p}-2u’(x))/=|_{-}/.(.1^{\cdot})-||/|p-2/\mathfrak{l}(d\cdot)$ . $.$ } . $>0$ .
$u(\mathrm{O})=\alpha>0$ . $u’(0)=0$ .
Lemma 3.3. Let $\alpha_{p}=(p/2)^{1/-}(J^{J}2)$ and $F(.s)=(p/(p-1))(|.\backslash |^{2}/2-|.\backslash |^{J^{J}}/p)$ . an $d$ let
$x_{\alpha}=\infty$ if $\alpha<\alpha_{p}$ . ancl $x_{\mathrm{o}}=. \int_{0}^{a}[F(.,)-F(C\mathrm{t})]^{-1/p}d.s$ if $a\geq(1_{l)}$ . $F\mathrm{o}l\cdot$ a $>0$ . there
exists a unique $sol\mathrm{u}$ tion $\varphi_{\mathfrak{a}}$ of (3.2) in $(0..\overline{1}\cdot\alpha).\dot{c}\mathrm{u}lCl\varphi_{\alpha}i_{\llcorner}\mathrm{s}l^{)\mathrm{o}\mathrm{S}i\zeta}i\iota\cdot e$ in $\mathrm{t}0$ . $\iota_{\zeta)}$ ). AIoreo$\mathrm{r}^{f}\epsilon\cdot r$.
when $\alpha\geq\alpha_{p}$ . $x_{\alpha}<\infty$ $and\hat{\vdash}\alpha 6\dot{c}\{tisfie\mathrm{s}\varphi_{\alpha}(_{\backslash }\mathit{1}_{C1})=0$ . $\varphi_{\zeta)}’(.\iota_{l)})<0$ if a $>c\iota_{J^{)}}$ . $\subset uld$
$\varphi_{\alpha}’(_{X_{\alpha})=0}$ if $\alpha=0_{p}$ .
Proof of Lemnia 3.3. Let $u(x)$ be a $\mathrm{s}\langle$ $)1\mathrm{u}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{I}1}$ of (3.2). Tllell. we $1_{1\mathrm{a}\backslash ^{-\epsilon}}\backslash$
(3.3) $|v’|^{p-}21 \mathit{1}(’)X=\int_{0}^{x}[U(|J)-||\mathit{1}|^{P^{-2}}u(/\mathrm{t})]d|J$. $.l\cdot\geq 0$ .
When $\alpha=1$ , it follows fronl (3.3) that $u(x)=1$ for $’\geq 0$ . When ( $\}\neq 1.$ frolll (.3.3) we
see that there exists $x_{0}>0$ such that $(\alpha-1)U’(.\})<0$ for $0<.\mathit{1}^{\cdot}<\cdot\prime 0$ . Thus. ($/(x\cdot)$ is
twice differentiable in $(0.x_{0})$ . Multiplying the equation of (3.2) $\rceil).\backslash ^{-}lJ’$ ijlld $\mathrm{i}_{1}1\mathrm{t}\mathrm{e}\mathrm{g}1^{\cdot}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{I}$
over $(\mathrm{O}, .r)_{\nu}\mathrm{v}$ ields
(3.4) $|u’(x)|^{p}=F(1/(.1^{\cdot}))-F(\alpha)$ . $x\geq 0$ .
From (3.3) and (3.4), we see that there exists a ulli( $1^{\mathrm{U}}\mathrm{e}\mathrm{S}\mathrm{t}\mathrm{l}\mathrm{u}\dagger \mathrm{i}()11\forall\alpha-$ of (3.2) ill $(0.J_{(\supset})$ ,
and $\varphi_{\alpha}$ is positive in $(0.x_{\mathrm{o}})$ . In $\mathrm{p}\mathrm{a}\mathrm{r}\mathrm{t}\mathrm{i}_{\mathrm{C}\mathrm{U}}1\mathrm{a}1^{\cdot}$. when $\alpha\geq\alpha_{p}$ . $u=\backslash \hat{r}c$)( $.()$ is givell as $\mathrm{t}\mathrm{h}\mathrm{e}_{\nu}$
inverse function of $x=. \int_{\tau\iota}^{\alpha}[F(s)-F(\alpha)]-1/Pd\mathrm{L}\mathrm{b}\urcorner$ . So. we see tllat $\iota_{C1}<\infty$ and $\varphi_{0}$
satisfies $\varphi_{\alpha}(x_{\alpha})=0,$ $\varphi_{0}’(.\mathit{1}_{O})<0$ if $\alpha>a_{p}$ . $\omega \mathrm{u}(1_{+\alpha}\wedge,’(.\iota_{O})=0$ if $(\}=(1_{P}.$ $\square$
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Renlark 3.4. By an elenlentary computation. we see $\mathrm{t}\mathrm{l}$)$\mathrm{a}\mathrm{t}x_{\alpha}$ is strictly decreasing
with respect to $\alpha\geq\alpha_{p}$ . It is known that $l_{p}=(p-1)^{1/p}B(1/p. 1-1/_{l^{J}})/P=[\pi(p-$
$1)^{1/P}]/[p\sin(\pi/p)]$ , where $B(\cdot. \cdot)$ is the beta function. $\mathrm{A}\mathrm{n}\mathrm{o}\mathrm{t}\mathrm{h}\mathrm{e}_{\lrcorner}\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{e}\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{r}_{\sim}\backslash ^{-}$ calculation
yields $\lim_{\alphaarrow\infty}x_{\alpha}=l_{p}$ and $x_{\mathrm{o}_{p}}=m_{p}$ .
Proposition 3.1 follows frolll $\mathrm{L}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l}\iota \mathrm{l}\mathrm{a}3..3$ and RelIlark 3.4. $\mathrm{I}111$) $\mathrm{a}\mathrm{r}\mathrm{t}\mathrm{i}_{\mathrm{C}}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{I}^{\cdot}$ . $\Phi_{l}$ is given
by
$\Phi_{l}(x)=\{$
$\varphi_{\alpha(l)}(x)$ . for $0\leq.\iota\cdot\leq l$ .
$\varphi_{\alpha(l)}(-I)$ , for $-l\leq x<0$ .
where $\alpha(l)\in[\alpha_{p}, \infty)$ is the unique nulllber sutih that $l=x_{\alpha(l)}$ .
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